In this study, we first show that the system of Frenet-like differential equation characterizing spacelike curves of constant breadth is equivalent to a third order, linear, differential equation with variable coefficients. Then, by using a rational approximation based on Bernstein polynomials, we obtain the set of solution of the mentioned differential equation under the given initial conditions. Furthermore, we discuss that the obtained results are useable to determine spacelike curves of constant breadth in Minkowski 3-space E 3 1 .
Minkowski 3-space. The second aim is to find an approximate solution based on Bernstein polynomials of this differential equation [3, 9] . In this study we also analyze the role of the obtained solution in determining these curves.
Preliminaries
Bernstein polynomials of nth-degree are defined by
where R is the maximum range of the interval [0, R] over which the polynomials are defined to form a complete basis [3] .
If the above expression is used in the definition, the following equation occurs. where (x 1 , x 2 , x 3 ) is a rectangular coordinate system of Minkowski 3-space E 3 1 . An arbitrary vector − → v = (v 1 , v 2 , v 3 ) in E 3 1 can be spacelike if g( − → v , − → v ) > 0 or − → v = 0. Similarly, an arbitrary curve − → α = − → α (s) locally be spacelike if all of its velocity − → α ′ (s) are spacelike [14] .
Furthermore, for an arbitrary spacelike curve − → α (s) in space E 3 1 , the following Frenet formulas are given are the curvature and torsion of a spacelike curve − → α , respectively [18] .
Let (C) be a unit speed spacelike curve of the class C 3 having parallel tangents T and T * in opposite directions at the opposite points α and α * of the curve. If the chord joining the opposite points of (C) is a double-normal, then (C) has constant breadth, and conversely, if (C) is a spacelike curve of constant breadth, then every normal of (C) is a double-normal. A simple closed spacelike curve (C) of constant breadth having parallel tangents in opposite directions at opposite points may be represented by the equation
where α and α * are opposite points, and − → T , − → N , − → B denote the unite tangent, principal normal, binormal at a generic point α, respectively. s denotes the arc length of (C) and m i (s) , (1 ≤ i ≤ 3) are the differentiable functions of s. If Eq. (1) is derived according to the s parameter and Frenet formulas defined for spacelike curves are used in this derivative, the following equation is obtained.
at corresponding points of (C), the following system is obtained.
The first curvature of the spacelike curves is defined as follows.
where ∆ ϕ is the angle of contengency. ϕ denotes the angle between tangent of the curve (C) at the point α(s) and a given fixed direction. Also it is clear that
The distance d between the opposite points α * (s) and α (s) of the curve is the breadth of the curve and it is constant, that is
On the other hand, the coefficients m 1 , m 2 and m 3 may be obtained by the system (2)
which is the system describing the spacelike curves of constant breadth. f (ϕ) = ρ + ρ * and,
denote the radii of curvatures α(s) and α * (s), respectively. (') denotes the derivative according to ϕ. Also, the vector − → d is the double normal of the curve (C) of constant breadth. First, it is clear that
On the other hand, by using the second equation of the system (2) the following differential equation is obtained;
and by using the derivative of the equation (3), the following differential equation is obtained:
In addition, the following is clear from the third equation of the system (2).
By using the equality of the equations (3) and (6), the following equation is obtained
On the other hand, by using derivative of the equation (5), F is obtained as follows.
Finally, the third order, linear, differential equation with variable coefficient is obtained as follows.
As a result, it is clearly seen the system (2) characterizing the spacelike curves of constant breadth can be reduced to the linear differential equation (8) . Furthermore, we can write this equation in the general form
where P k (s) are continuous functions of the expression (ρ(s)k 2 (s)) .
Bernstein series method
In this section, we will explain Bernstein series solution method for the solution of the differential equations defined as follows.
Let f be a solution of Eq.(10). We wish to approximate f by
such that p n (s) satisfies Eq.(10) on the nodes 0 < s i < s i+1 < · · · < s i+d < R. Putting p n (s) into Eq. (10), we get the system of linear equations depending on a 0 , a 1 , . . . , a n .
Assume Eq.(10) has a solution f. Let us consider Eq.(10) and find the matrix forms of each term in the equation. First we can convert the Bernstein series solution y = p n (s) defined by (11) and its derivatives y (k) (s) to matrix forms
where
On the other hand, it can be written
where To obtain the matrix S (k) (s) in terms of the matrix S (s), we can use the following procedure:
. . .
Consequently, we have the following matrix relationship, substituting the matrix forms (13) and (15) in expression (12) .
Then, using the matrix relation (16) in Eq. (10), we can easily obtain the following matrix equation.
Using the collocation points defined as (17), we get the following system of matrix equations.
Hence, the fundamental matrix equation can be expressed as follows.
Hence, the fundamental matrix Eq.(18) can be written as follow
Now let us obtain the matrix equation of the conditions by means of the relation (16), as follows
On the other hand, the matrix forms for the conditions can be written as
Replacing the row matrices (20) by any m rows of the matrix (19), we get the augmented matrix as
. . . 10 . . .
Note that rankW = rank W ;G = n + 1 in the case of the exact solution f ∈ C n+1 (0, R). As a result we can write A = (W ) −1G and hence the elements a 0 , a 1 , . . . , a n of A are uniquely determined.
The solution of differential equations characterizing the spacelike curves of constant breadth in
Using the above equations we can rewrite the Eq.(8) characterizing the spacelike curves of constant breadth as fallows;
Let f be a solution of Eq.(21). We wish to approximate f by
such that p n (s) satisfies Eq.(21) on the nodes 0 ≤ s 0 < s 1 < · · · < s 4 ≤ 2π. We take n = 4 for simplicity. Putting p n (s) into Eq. (21), we get the system of linear equations depending on a 0 , a 1 , . . . , a 4 . Let us consider the Eq.(21) and find the matrix forms of each term in the equation. First we can convert the Bernstein series solution y = p n (s) defined by (22) and its derivatives y (k) (s) to matrix forms, for n = 4 and k = 0, 1, 2, 3
The matrix D is calculated as follows
To obtain the matrix S (k) (s) (k = 0, 1, 2) in terms of the matrix S (s) = 1 s s 2 s 3 s 4 , we can use the following procedure:
where 
Consequently, by substituting the matrix forms (24) and (25) into (23), we have the matrix relation.
Substituting the matrix relation (26) into (21) and then simplifying, we obtain the matrix equation
Using the nodes {s i ; i = 0, 1, . . . , 4; 0 ≤ s 0 < s 1 < · · · < s 4 ≤ 2π} in (27) we get the system of matrix equations
where s 0 = 0, s 1 = π 2 , s 2 =π, s 3 = 3π 2 , s 4 = 2π and
The fundamental matrix equation can be written briefly as
Hence, the fundamental matrix Eq.(28) corresponding to (22) can be written in the form
The Eq. (29) corresponds to a matrix of type (5x5). Now let us obtain the matrix equation of the conditions by means of the relation (26). Firstly, the matrix forms for the conditions can be written as
where for U 0 = 1 0 0 0 0
Replacing the row matrices (30) by any m rows of the matrix (29), we get the augmented matrix as 
where, w i j (i = 0, 1 j = 0, 1, . . . , 4) obtained as follows;
As a result we can write If we put this a 4 unknowns in Eq. (22), we obtain Bernstein series solution y = p n (s) = m 1 of the Eq.(21).
Analyse of Differential Equations Characterizing Spacelike Curves of Constant Breadth in
We found that the expression is y = m 1 coefficient which is determined the spacelike curves of constant breadth in E 3 1 . Also m 2 coefficient is finded with method similar under the same initial conditions. For this first, it is clear that in the second equation of the system (2). 
